We show that the full global symmetry groups of all the D-dimensional maximal supergravities can be described in terms of the closure of the internal general coordinate transformations of the toroidal compactifications of D = 11 supergravity and of type IIB supergravity, with type IIA/IIB T-duality providing an intertwining between the two pictures. At the quantum level, the part of the U-duality group that corresponds to the surviving discretised internal general coordinate transformations in a given picture leaves the internal torus invariant, while the part that is not described by internal general coordinate transformations can have the effect of altering the size or shape of the internal torus.
U-dualities are discrete subgroups of the global Cremmer-Julia (CJ) symmetries of supergravities [1] , which are conjectured to be exact symmetries of string theory or M-theory [2, 3] .
The origin of the CJ symmetries is in general rather deep, involving a subtle interplay between the geometry of spacetime and the structure of the gauge fields and their interactions.
The subtleties increase as the dimension of the spacetime reduces. For example, in the case of the maximal supergravities obtained by toroidal dimensional reduction from D = 11, the GL(1, IR) ∼ O(1, 1) and GL(2, IR) CJ symmetries in D = 10 and D = 9 can be simply understood as the lower-dimensional interpretation of the general coordinate transformations in the internal directions, corresponding to constant linear transformations δz i = −Λ i j z j of the coordinates z i on the torus. 1 However, in D ≤ 8 the analogous residual coordinate transformation symmetries in the toroidal reduction from D = 11 account for only a part of the full CJ symmetry group, and its full structure involves in addition transformations on the "matter" gauge fields coming from the 3-form potential of D = 11. On the other hand, from the viewpoint of a toroidal reduction of type IIB supergravity there are always parts of the CJ groups that cannot be understood as general coordinate transformations.
It was observed in [5] that lower-dimensional CJ groups could be used to perform transformations on p-brane solutions in higher dimensions that alter their asymptotic or singularity structures. This was done by diagonally dimensionally reducing the p-brane to an instanton, and acting on this with an SL(2, IR) subgroup of the CJ group in this lowerdimensional Euclidean-signature theory. This transformation is capable of shifting the constant term in the harmonic function describing the original p-brane solution, and it is this shift that is responsible for altering the asymptotic or singularity structure of the solution.
It is manifest that the symmetry that is achieving such a change of the structure of the solution must be more than merely a general coordinate transformation. Indeed it is only by considering such instanton transformations in D ≤ 8 that the associated solutions can be mapped into ones with altered singularity structures, and, as we observed previously, it is in D ≤ 8 that the CJ groups go beyond general coordinate transformations.
In this paper, we shall show that by combining the two descriptions of the D-dimensional theory, corresponding to a dimensional reduction either from D = 11 or from the type IIB theory, it is in fact possible to interpret any CJ symmetry transformation as coming from 1 To be precise, the IR factor of the GL(11 − D, IR) transformations parameterised by Λ i j does not, as it stands, leave the D-dimensional Einstein-frame metric invariant, and one needs to include a compensating transformation under the homogeneous rescaling transformation of the Lagrangian in order to achieve this [4] . a general coordinate transformation in the internal space of the toroidal compactification in one or the other of the two pictures. Thus one can construct the entire CJ groups in all dimensions as the closure of the internal coordinate transformations of D = 11 supergravity and type IIB supergravity, together with the T-duality that relates the IIA and IIB theories.
In fact if a given CJ symmetry transformation does not come from the internal general coordinate transformations in one of the reduction pictures, then it necessarily will in the other reduction picture. An example of this was already known in D = 9, where it was shown that the SL(2, IR) symmetry of type IIB, enlarged to GL(2, IR) upon compactification to D = 9, could alternatively be understood, by virtue of IIA/IIB T-duality, as the internal coordinate transformations of the 2-torus compactification of D = 11 supergravity [6] . An application of this approach is that any U-duality transformation on a particular p-brane can be mapped, via a sequence of T-duality transformations, into a general coordinate transformation in either the type IIA or the type IIB theory. Ideas along these lines were indeed used in [7, 8] for the purpose of effecting the same changes to the harmonic functions in p-brane solutions that can also be achieved by U-duality transformations [5] . general-coordinate symmetry. From this viewpoint, however, the origin of the SL(2, IR) factor is more obscure; it is generated by an interaction between gravity and the 3-form potential A (3) in D = 11, giving rise to a dilatonic scalar and an axion in D = 8. This dilatonic scalar parameterises the volume of the 3-torus, and, together with the axion from A (3) , forms the SL(2, IR)-invariant factor in the scalar Lagrangian. If, on the other hand, we look at the D = 8 theory from the viewpoint of a T 2 reduction from the type IIB theory, then the SL(2, IR) factor in the CJ group is now easily understood as a subgroup of the GL(2, IR) symmetry from internal coordinate transformations on T 2 . It is now instead the SL(3, IR) factor whose origin is more obscure; it is an extension of the SL(2, IR) symmetry of the ten-dimensional type IIB theory. By combining the two viewpoints, together with the knowledge, coming from T-duality, that the two eight-dimensional theories are really the same, we can therefore understand both the SL(3, IR) and the SL(2, IR) factors of the CJ symmetry as coming from certain internal coordinate transformations.
It should be emphasised that it is in D ≤ 8 that the interpretation of the CJ symmetries as internal general coordinate transformations becomes non-trivial, since only then is there a necessity of combining the pictures from the D = 11 and the type IIB compacifications in order to be able to give such an interpretation for the entire CJ groups. In dimensions lower than eight the story is a little more complicated than the one described above in D = 8, since we now have CJ groups that are simple, rather than products of two factors, and the way in which the two sets of internal coordinate transformations close on the full group is more involved. In the rest of this paper we shall develop a general formalism for showing how the general coordinate symmetries fit together in the two pictures. In section 2, we show by considering the Dynkin diagrams for the CJ algebras, that we can indeed put the GL(10 − D, IR) symmetry from the type IIB reduction route together with the GL(11 − D, IR) from the D = 11 reduction route to give the full D-dimensional CJ group.
We also give, in section 3, a detailed decomposition of any CJ group transformation in terms of a sequence of general-coordinate transformations of D = 11 and type IIB supergravities, intertwined by type IIA/IIB T-duality transformations.
Within a given picture, the CJ transformations that can be described as internal general coordinate transformations are rather trivial, in the sense that they are really just reparameterisation symmetries. We show in section 4 that the remainder of the CJ transformations in the given picture have a more interesting geometrical interpretation, in that they correspond to symmetries that can change the size or the shape of the internal compactifying torus. These kinds of transformation therefore arise in D ≤ 8. For example, in these dimensions there is a duality symmetry relating M-theory compactified on a given torus to M-theory compactifed on tori of different sizes or shapes. However this symmetry of Mtheory becomes less mysterious from the type IIB point of view, since it then corresponds to internal general coordinate transformations of the compactifying torus of the type IIB picture.
In section 5, we give analogous discussions for the toroidal reductions to D = 4 of six-dimensional pure gravity and N = 1 self-dual supergravity, and we obtain their global symmetry groups. After presenting our conclusions in section 6, we include an appendix in which the complete results for the toroidal dimensional reduction of the bosonic sector of type IIB supergravity are derived, in all dimensions D ≥ 3. This extends previous results for the toroidal reduction of D = 11 supergravity [9, 4] . The type IIB reduction has a new subtlety concerned with the handling of the self-duality constraint on the 5-form field strength H (5) . We show that in the reduced D-dimensional theory the GL(10 − D, IR) symmetry associated with the internal general coordinate transformations is a symmetry only at the level of the equations of motion, when the spacetime dimension is even, but it is a symmetry of the Lagrangian in odd dimensions. Our analysis shows that the entire GL(10 − D, IR) internal general-coordinate symmetry is preserved and is manifest.
U-duality as general coordinate transformations
In appendix A, we derive the D-dimensional theory following from the toroidal dimensional reduction of the bosonic sector of type IIB supergravity. We do this by starting from the enlarged ten-dimensional theory introduced in [10] , where the five-form field strength H (5) is not constrained to be self-dual. This allows a Lagrangian formulation, given in (A.1), whose equations of motion reduce, after imposing H (5) = * H (5) , to those of type IIB supergravity.
In our dimensionally-reduced Lagrangians (A.11) the D-dimensional consequences of this self-duality condition have yet to be imposed; they are given, dimension by dimension, In D ≤ 9, the maximal supergravities can be obtained from the dimensional reduction of either D = 11 supergravity or of ten-dimensional type IIB supergravity, with the two formalisms being related by field redefinitions that are the field-theoretic precursors of type IIA/IIB string T-duality. The full global symmetry of D-dimensional maximal supergrav-ity is the maximally non-compact form of E (11−D) . The scalar sectors of the Lagrangians describe the cosets E (11−D) /H (11−D) , where H n is the maximal compact subgroup of E n .
In the dimensional reduction scheme of [9, 4] , which we are also using in this paper, the scalar coset naturally arises in a Borel gauge, with the axionic scalars (those that do not appear in exponentials) having associated dilaton vectors that form the positive roots of [4, 11] . This means that the E (11−D) group can easily be identified, by recognising the subset of dilaton vectors associated with the simple roots.
In the dimensional reduction route from D = 11, the metric tensor yields D-dimensional potentials A i (1) and A i i } respectively, corresponding to the fact that in these dimensions additional axions arise from the dualisation of higher-degree fields A (3) , A (2)i and {A (1)ij , A i
(1) }. In all cases, one finds that the simple roots, in terms of which all the others can be written as sums with non-negative integer coefficients, are b ′ i,i+1 and a 123 , where 1 ≤ i ≤ 10 − D [4] . It is easily shown from their dot products that they give the E (11−D) Dynkin diagram:
Diag. 1: The D = 11 dilaton vectors b ′ i,i+1 and a 123 generate the E n Dynkin diagram.
In using this diagram, it is to be understood that in a given dimension D, only those intertwined with the discrete T-duality symmetry.
Details of the decomposition
In the previous section we have shown how the general coordinate transformations on the internal compactifying torus in the D = 11 picture and in the type IIB picture patch together to make the full CJ group of D-dimensional maximal supergravity. Here, we
give the detailed decomposition of the global symmetry transformations as a sequence of general coordinate transformations in the two tori, intertwined with type IIA/IIB T-duality transformations.
To do this, we first make a correspondence between the various fields of the dimensionallyreduced D = 11 and type IIB theories in D dimensions. The simplest way to do this is to make the correspondence first in D = 9; this is summarised in Table 1 below.
G µν Table 1 : Gauge potentials of type II theories in D = 10 and D = 9
From these correspondences in D = 9, those in all D ≤ 8 can be obtained by simply performing standard dimensional reductions from D = 9. We now therefore introduce indices a, b, . . ., running from 3 to 11 − D (so that i = (1, α) = (1, 2, a), etc.). In D dimensions we therefore have for the NS-NS fields
and for the R-R fields IIA:
IIA:
Since the internal directions labelled by 1 and by 2 have both been singled out in this correspondence, we see only GL ( 
In D ≤ 5, in addition to the axions described above, which are handled analogously, there are further ones that come from the dualisations of higher-degree fields. These can be discussed dimension by dimension. In D = 5, the extra axion is obtained from dualising the 3-form potential A (3) . Since the process of dualisation is non-local on the potentials, we shall indicate the sequence of correspondences on the field strengths here.
2)
The step indicated by "self-duality constraint" makes use of the lower-dimensional selfduality relations given in (A.17).
In D = 4, there are seven extra axions coming from the dualisation of A (2)i . The sequence of their correspondences to the Kaluza-Klein axions of the type IIB reduction is given by
In D = 3, there are twenty-eight additional axions coming from the dualisation of A (1)ij and eight from the dualisation of A i (1) . We consider the twenty-eight axions first, for which we find that the sequence of their correspondence is given by
The sequence for the other eight axions is given by
where the dots indicate that the sequence then follows (3.4), joining it at the second stage of the first line.
To summarise, in this section we have shown that all the axions that do not directly arise as Kaluza-Klein axions from D = 11 supergravity can be mapped, by a sequence of internal general-coordinate symmetry transformations and type IIA/IIB T-duality transformations, into Kaluza-Klein axions from type IIB supergravity. A completely analogous converse discussion would allow one to interpret all the axions of the type IIB reduction as KaluzaKlein axions.
So far in the paper, we have been focussing on how the full CJ groups may be interpreted in terms of internal general coordinate transformations, either directly on the compactifying torus in the picture (D = 11 supergravity or type IIB supergravity) under consideration, or else indirectly, in the sense that we first make a T-duality transformation to the other picture, and interpret the CJ transformation as an internal general coordinate transformation there.
It is of interest also, however, to take a different approach, and to study how the full set of CJ transformations act when we stay entirely within one picture or the other. Some of the CJ transformations will simply be internal general coordinate transformations, but the others, which are more interesting from this point of view, do not have this geometrical interpretation.
To study this, let us consider in more detail the D = 8 example that we discussed previously. We shall consider it as arising from the compactification of M-theory on a 3-torus.
As we discussed previously, the SL(3, IR) factor in the SL(3, IR) × SL(2, IR) Cremmer-Julia group comes from internal general coordinate transformations on T 3 , while the SL(2, IR)
factor is electric/magnetic symmetry of the membrane [12] . The scalar and gauge fields in the theory, in the notation of [9, 4] , are as follows:
Higher-rank :
where 1 ≤ i ≤ 3. The Lagrangian is given by
where the "dilaton vectors" a, a i , a ij , a ijk , b i , b ij are constants that characterise the couplings of the dilatonic scalars φ to the various gauge fields; they are given in [9, 4] . 
In fact A (0)123 , which we are calling χ for convenience, together with the remaining orthogonal linear combination ϕ ≡ g· φ ds
where the vectors g and f i can be found in [4] . The volume form of the physical 3-torus is therefore given by e ( γ 1 + γ 2 + γ 3 )· φ dz 1 ∧ dz 2 ∧ dz 3 . The exponential factor turns out to be
a 123 · φ , and hence the volume form is e −ϕ dz 1 ∧ dz 2 ∧ dz 3 . Since ϕ is the dilaton of the SL(2, IR)/O(2) scalar manifold, and since dz 1 ∧ dz 2 ∧ dz 3 is invariant under the SL(3, IR) transformations δz i = Λ i j z j , it follows that the volume of the 3-torus, namely
is SL(3, IR) invariant, and furthermore is given in terms of the dilaton ϕ of the SL(2, IR) factor in the D = 8 CJ group.
In the Einstein frame, the mass per unit p-volume for an electric p-brane supported by a field strength with kinetic term of the form e c· φ F 2 is M ∼ e c· φ [13, 14] . From (4.2) and (4.3), we therefore see that the masses of the particles supported by the Kaluza-Klein vectors and the winding-mode vectors depend on the SL(2, IR) dilaton as follows:
ϕ . (4.6) (We are assuming here, for simplicity, that the axion χ is zero. We shall discuss the more general case below.) Thus, as expected, we see that the Kaluza-Klein particles become massless in the limit when the volume of the 3-torus goes to infinity. 2 (This is the same phenomenon as the one discussed by Witten in [3] , where the Kaluza-Klein particles in the type IIA string become massless as the dilaton grows large, leading to the opening out of the eleventh dimension.) On the other hand, if the volume of the 3-torus goes to zero then the Kaluza-Klein particles become heavy, while the winding-mode particles now become massless. Thus the particle spectrum of M-theory compactified on a small T 3 is identical to the particle spectrum of M-theory compactified on a large T 3 of reciprocal volume. This implies that M-theory compactified on a large T 3 is dual to M-theory compactified on a small T 3 of reciprocal volume. (Recall that we are taking χ = 0 here for simplicity.)
It is not enough just to study the particle spectrum in order to justify this duality conjecture. Further supporting evidence can be found from the spectra of the other pbranes in the theory. For example, the masses of the fundamental string and two D-strings, measured in the Einstein metric, are dependent only on the shape of the T 3 , but not on the size. Actually, the conjecture about the equivalence of the compactification on a large T 3
and a small T 3 is really just equivalent to the conjecture of U-duality, and the supporting evidence for the one conjecture is equivalent to that for the other. This is a consequence of the fact that the conjectured T 3 duality symmetry is implied by the Z 2 Weyl group symmetry of SL(2, Z Z) factor of the U-duality group in D = 8.
In the CJ group SL(3, IR)×SL(2, IR), the SL(3, IR) subgroup comes from internal general coordinate transformations. Upon quantisation, it is discretised to SL(3, Z Z). This discrete subgroup has the feature that it leaves the size and shape of the compactifying 3-torus 
µν , where Ω is a constant, then the masses per unit p-volume of a p-brane are related by m [14] .
Thus the mass of the Kaluza-Klein particles in the M-metric is of the form e V 0 , and a value χ 0 for the axion, then it is dual to M-theory compactified on a 3-torus of the same shape but with volume V , and an axion χ, given by 
Classically, the GL(3, IR) ∼ IR×SL(3, IR) of internal general coordinate transformations
(which also utilises a compensating "trombone" [15] rescaling symmetry so as to leave the lower-dimensional metric invariant [4] ) can change the volume as well as the shape of the 3-torus. 3 In particular, it is the IR factor that rescales the volume, while the SL(3, IR) factor changes the shape. However, the scalar corresponding to this rescaling symmetry has been "reassigned" to the SL(2, IR) factor in the full SL(3, IR) × SL(2, IR) CJ group, and so upon quantisation, where it is conjectured that the U-duality group SL(3, Z Z)× SL(2, Z Z) survives, the volume-changing transformations (4.7) survive within the SL(2, Z Z) factor, and not the large [3] , whilst in the D = 9 case the type IIB theory emerges as the volume of the T 2 shrinks to zero [6] .) In D ≤ 8, on the other hand, the volume of the compactifying torus can be changed by surviving U-duality symmetries, and so in such cases one has duality symmetries relating M-theory compactified on tori of different radii.
In the above discussion, we said that M-theory on large a 3-torus is dual to M-theory on a small 3-torus with reciprocal volume, provided that the Kaluza-Klein modes and membrane wrapping modes are interchanged. At first sight, this might seem to be in contradiction with a fundamental membrane interpretation, where the Kaluza-Klein modes are those of the membrane itself. If we consider a fundamental membrane in D = 11, then its particle modes compactified on T 3 might be expected to have masses of the form As we mentioned in the introduction, the CJ symmetry transformations can have the effect of altering the asymptotic structure and also the curvature structure of a p-brane soliton. Obviously, a general coordinate transformation cannot do this. What we have shown is that it is really the type IIA/IIB T-duality transformation that is responsible for this change of the geometrical structure of the p-brane, and hence the nature of this change may be understandable within the perturbative framework.
It is well known that the R ↔ 1/R transformation of type IIA/IIB T-duality is a stringy phenomenon, which becomes a symmetry in the heterotic string, i.e. when the R-R fields are truncated out. At the level of supergravity this symmetry amounts to an orthogonal transformation of the dilatons, accompanied by an interchange of the Kaluza-Klein vector and the winding-mode vector (i.e. the vector coming from the dimensional reduction of the antisymmetric tensor that couples to the string). In fact this type of symmetry, at the field theory level, can also arise in a pure gravity theory.
To illustrate this, let us consider pure gravity in D = 6, and then perform a dimensional reduction to D = 4 on a 2-torus. It is straightforward to see that the four-dimensional
Lagrangian has a manifest GL(2, IR) global symmetry, which is the residual symmetry of the general coordinate transformations of the internal 2-torus. The scalar coset contains two dilatons φ 1 and φ 2 , and one axion χ = A 1
. The two Kaluza-Klein vectors, A 1 (1) and A 2 (1) , form a doublet. We may now show that at the level of equations of motion, there is an additional R ↔ 1/R discrete symmetry, where R is the radius of the circle compactifying from D = 5 to D = 4. To this see, we first dimensionally reduce D = 6 gravity to D = 5, where we will obtain a dilaton φ 1 and a Kaluza-Klein vector A 1 (1) , together the metric. We now dualise the Kaluza-Klein vector to a 2-form potential A (2) . The Lagrangian for this dualised system is given by
where F (3) = dA (2) . This theory admits an electric string soliton solution. The form of the Lagrangian is analogous to that for the bosonic sector of N = 1 supergravity in D = 10.
Thus we expect that upon dimensional reduction to D = 4, there should be a discrete symmetry that interchanges the new Kaluza-Klein vector A 2 (1) with the winding-mode vector A (1) that comes from the dimensional reduction of A (2) . Indeed, performing the reduction we find
where
. It is straightforward to see that (5.2) is invariant under the following discrete transformation
Note that we have Λ = Λ −1 . If we measure the radius of the compactifying circle from D = 5
to D = 4 in the five-dimensional "string" metric, 4 i.e. the metric in which the mass of the 5-dimensional string soliton is independent of the φ 1 dilaton modulus, then it is given by
3 . This transforms as R → 1/R under the dilaton transformation (5.3).
Note that in the Lagrangian (5.2), the SL(2, IR) factor in the GL(2, IR) coming from the internal general coordinate transformations is broken, and instead, we gain an R → 1/R discrete symmetry. If instead we had not dualised the Kaluza-Klein vector in D = 5, the resulting 4-dimensional Lagrangian would have been invariant under GL(2, IR), but then it would not have been invariant under the discrete symmetry. At the level of the equations of motion, where the choice of whether or not to dualise A 1 (1) is immaterial, the theory is invariant under both the GL(2, IR) and the discrete symmetries. 4 If the dilaton coupling of the 3-form field strength that couples to the fundamental string is of the form e c· φ F The example we have just been considering illustrates that an R ↔ 1/R symmetry can arise in the context of a pure gravity theory. From the six-dimensional point of view, it interchanges one Kaluza-Klein vector with the dual of the other Kaluza-Klein vector, 5 by contrast with the situation in string theory where Kaluza-Klein and winding modes are interchanged. Of course this theory is just a toy model, and it is not supersymmetric. We may, however, embed it in a supersymmetric theory, in which case the R ↔ 1/R symmetry will be embedded as part of a larger symmetry of the supersymmetric theory. The minimal supergravity in D = 6 is N = 1, which contains the metric and a self-dual 3-form field strength G (3) . If this is directly reduced on a 2-torus to D = 4, the internal GL(2, IR) general coordinate transformations are symmetries only at the level of the equations of motion, owing to the self-duality condition on G (3) . (This is analogous to the situation for the reduction of type IIB supergravity, which is discussed in appendix A.) Now, we shall follow the same strategy that we did previously for pure gravity, and first dualise the
This gives the Lagrangian
where G (2) = dB (1) comes from the dimensional reduction of G (3) , and
is the field strength coming from the dualisation of F 1 (2) . After a further reduction to D = 4, followed by a dualisation of A (2) to give an axion χ, we obtain the Lagrangian
The vector potential A + (1) arises from the reduction of A (2) in D = 5; it is in fact dual to the Kaluza-Klein vector A 1 (1) . The potential A 0 (1) comes from the reduction of B (1) in D = 5, and A − (1) is the new Kaluza-Klein vector A 2 (1) . Finally, σ is the axion coming from the reduction of B (1) . The dilatons φ and ϕ are related to the standard φ 1 and φ 2 by
The scalar sector in (5.6) contains two independent SL(2, IR)/O(2) cosets, one parameterised by (φ, χ), and the other by (ϕ, σ). We shall denote the corresponding global symmetries by SL(2, IR) G and SL(2, IR) T . The SL(2, IR) G is a subgroup of the GL(2, IR) internal general-coordinate transformations, and hence it is a symmetry only at the level of the equations of motion (owing to the self-duality condition), where F 0 (2) and its dual form a doublet. It is therefore an electric/magnetic duality symmetry of the 2-form field strength that comes from the self-dual 3-form in D = 6. The SL(2, IR) T symmetry, on the other hand, leaves the Lagrangian (5.6) itself invariant, with the three potentials (A
(1) ) transforming as a triplet. This can be made manifest by defining the matrix 9) and the quantity 10) in terms of which (5.6) can be written as
where H = dA.
The Lagrangian (5.11) is manifestly invariant under SL(2, IR) T , whose action on the scalars and gauge potentials is given by
It is also evident from the form of the Lagrangian that its equations of motion are invariant under SL(2, IR) G , where, as explained earlier, the field strength F 0 (2) and its dual form a doublet. In fact under SL(2, IR) G the other 2-form field strengths form two further doublets,
). The R ↔ 1/R symmetry that we discussed previously in the pure gravity theory is now a part of SL(2, IR) T , corresponding to
In terms of the complex field τ ≡ σ/ √ 2 + i e −ϕ/ √ 2 , this corresponds to τ ↔ −τ −1 .
It was shown in [17] that the 2-torus reduction of the six-dimensional N = 2 supergravity to D = 4 gives a theory with SL(2, IR) S × O(2, 2) global symmetry. The O(2, 2) ∼ SL(2, IR) 1 × SL(2, IR) 2 factor is the expected T-duality symmetry for a string theory reduced on a 2-torus; this is a symmetry of the four-dimensional Lagrangian. The factor SL(2, IR) 1 is generated by the Kaluza-Klein axion, while SL(2, IR) 2 is generated by the winding-mode axion. The remaining SL(2, IR) S factor is an electric/magnetic Sduality [18, 19] , which is a symmetry only at the level of the equations of motion. In this section, we have seen that the dimensional reduction of N = 1 supergravity in D = 6 gives a theory in D = 4 with the global symmetry O(2, 2) ∼ SL(2, IR) G × SL(2, IR) T . This, however, is not the same as the O(2, 2) of T-duality in [17] . In fact, our SL(2, IR) G is the same as SL(2, IR) 1 , while our SL(2, IR) T is the diagonal subgroup of SL(2, IR) S and SL(2, IR) 2 .
Conclusions
In can be small and non-vanishing, and so both the type IIA and the type IIB string are within their weak-coupling perturbative regimes. However, in the limit where one of the radii approaches infinity (or equivalently, where the other radius becomes infinitesimal), the situation becomes more subtle. It follows from (6.2) that when the compactifying circle of one string theory shrinks until it is comparable in size to its coupling constant, the dual string with reciprocal compactification radius becomes strongly coupled. For example, if R IIA goes to zero, then the type IIA string coupling g IIA 10 must also be taken to zero in order for the theory to map to the type IIB string at large radius at finite string coupling. In other words, it is the free D = 9 type IIA string on a zero-radius circle that is T-dual to the D = 10 type IIB string. This free D = 9 type IIA string can also be obtained from M-theory on a 2-torus with vanishing volume [6] . If instead we keep the string coupling constant of type IIA (or IIB) to be fixed, and send the corresponding radius to zero, it will map to the type IIB (or IIA) string at infinite string coupling. In particular, it implies that the type IIB theory at fixed coupling on a zero-radius circle is mapped to D = 11 M-theory (with an infinite radius for the eleventh, as well as for the tenth, dimension), rather than to the weakly-coupled perturbative type IIA string in D = 10. This relation between the type IIA string (or M-theory) and the type IIB string obviously goes beyond the weak-coupling regime.
In this paper, we also discussed the toroidal reduction of six-dimensional pure gravity and N = 1 supergraviity to D = 4. In the former case, we found that there is an R ↔ 1/R discrete symmetry at the level of the equations of motion, in addition to the internal general coordinate GL(2, IR) symmetry. In the case of N = 1 supergravity, we saw that the equations of motion have an SL(2, IR) × SL(2, IR) symmetry.
Appendix
A Type IIB reduction, and GL(10 − D, IR)
Our starting point is the Lagrangian introduced [10] , whose equations of motion, when supplemented by the externally (consistently) imposed self-duality constraint H (5) = * H (5) ,
give the equations of motion for the bosonic fields of type IIB supergravity:
In the expression for H (5) , we are using the notation that A NS (2) = A 1 (2) , and A RR (2) = A 2 (2) here, and ǫ 12 = 1. Note that H (5) is normalised so that its kinetic term is one half of the "canonical" one. This is because eventually we shall be substituting the solution of the self-duality condition back into the equations, and this will lead to a compensating doubling.
We now reduce the Lagrangian to D dimensions, using procedures and conventions that are analogous to those used for the reduction of D = 11 supergravity in [9, 4] . Thus we reduce the metric to D dimensions using the ansatz
where 
The various potentials in (A.1) are reduced according to the ansätze
where the A potentials can carry either NS or RR superscripts. Note that we are in general suppressing the ∧ symbols between differential forms. The field strengths are defined according to the following conventions:
where the fields F can carry NS or RR superscripts. From these, one can read off the expressions for the field strengths in terms of the potentials. For the fields coming from H (5) , we find .
The fields coming from the NS-NS and R-R 3-forms are given by In these expressions, the quantity γ α β is the inverse ofγ α β ≡ δ α β +A α
(see [9, 4] ). Note that dz α = γ α β h β −Â α (1) . It is now straightforward to calculate the D-dimensional Lagrangian following from (A.1). We find L = R * 1l − Here, φ ≡ (φ, ϕ), where ϕ denotes the set of dilatonic scalars appearing in ( 
